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F1G. 4. Dimensionless stream function and velocity at T = (.1.

[3]. We take the latter fluid for illustration using the values
y=A=0.1,8=3,P=134and Ra = 8 x 10°. Results for the
sphere are discussed; those for the cylinder are almost
identical in structure.

The axisymmetric convective flow rises in the form of a jet
along the axis 8 = 7 and § = 0 to form a forward stagnation
point at the north pole # = 0. It returns downward on both
sides of the axis bathing the interface and collides to give a
backward stagnation point at & = . As the liquid volume
decreases and looses its sensible heat the density differences
increase leading to increased convection. In the early part of
the process this form of thermal spin-upinitiates the formation
of the cusp at the south pole. At the dimensionless time t = 0.4
the liquid core temperature is below the initial temperature,
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Thus as the process evolves the liquid temperature will
approach the fusion temperature and the circulation will
cease,

Interface locations are displayed in Fig. 2 at intervals of Ac
= (.1. The volume of liquid as a function of time is given in Fig.
3; here the dashed curve gives the volume remaining when
convectionisignored and such results were found to bein good
agreement with the analytical studies of Stewartson and
Waechter [ 1]. Figure 4 displays the streamlines and velocity
av/k at T =01 Detailed results on the temperature
distribution and heat transfer coefficients (at the interface and
sphere surface) have also been evaluated.
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NOMENCLATURE

acceleration of gravity

thermal conductivity

pressure

Prandtl number of the melt, v/x,

Stefan number k,{T;, — T}}/pa; L, where
L, = latent heat

T, HL+T,)

™ oER
v

v velocity of the melt in the y direction.
Greek symbols
o thermal diffusivity
B coefficient of thermal expansion, assumed
constant

v kinematic viscosity of the melt
0 density at T,,.

Subscripts
m at the melting front, x = X{1)
1 liquid phase
2 solid phase

21 solid phase divided by liquid phase,

1. INTRODUCTION

THEIMPORTANCE of natural convection in the Stefan’s problem
received attention only in recent years. Both experiments [1]
and numerical analyses [ 2]} indicate that the buoyancy-driven
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flow exists from the onset of the transient process. In addition,
the heat transfer mechanism was mainly conduction-
controlled for small time and convection-controlled when the
critical Grashof number was reached [3]. In spite of these
observations, there is not yet a complete analysis of the
velocity profile during the early stages of melting. The
objective of this note is to report a closed-form solution in a
vertical semi-infinite region.

2. FORMULATION OF THE PROBLEM

The solid in the region 0 <x < o0, —w<y< o0 is
initially at a uniform temperature T;, where positive y isin the
upward direction. The melting process starts from time t = 0
as one maintains a constant temperature T,(>T,,) on the
surface x = 0. Because of the nonuniform temperature
distribution, buoyancy-driven flow is developed in the melt
region 0 < x < X{(t).

During the early stage of the process, the melting speed is
conduction-controlled and the problem is one-dimensional.
The temperature distribution follows the conventional
Neumann’s solution and its dimensionless form is [4]

01(11)21—-(1—0,“)-65:‘7((/%‘) O<y<1 (1)

An) = m% << @

(1=6x) ei;(j) - k:éll er:c_(://:“/ 5= St ()
where

e=%, ;.:Z:—(‘%E, n=3(%). @)

One assumes here that the density change effect across the
phase front is negligible.
The momentum equation of the melt, with the Oberbeck—~

Boussinesq assumption, takes the following form

ov 1d 0 0%

ot pdy p
where the temperature-dependent density p, corresponds to
the driving source of the flow. In general, except water near
4°C, one has

0<x<X(®),t>0 (5

Ao2
X

pi(Ty) = p[1=B(Ti(x, ) - T,)]. (6)

The initial and the non-slip boundary conditions for v(x, t)
are

§t<0 0<x<ow
v=0 for: x=0, t>0 (7a)
x=X(@t), >0 (7b)
(79

In addition, the gobal continuity condition for a closed system,
i.e. y = 4 oo are bounded, requires that

JX(!)
0

s ) dx' =0, ¢>0. @®)

3. ANALYSIS

Unlike the temperature, the velocity v(x, ¢) is a function of
both time and the similarity variable. One defines a
dimensionless velocity V(&) as

Bg(To— T)X*(
v

o t) = Yy = 2pa(Ty— Y2V ©)
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where
&= &t = (2/P)!12 2. (10)
Accordingly, equations (3)-(7) reduce to
dZ
déz 5:12 = ‘@;2(91"(“- 0<¢ <, (1)
&=0 12
V=0 for { (122)
(¢ =Cm (12b)
J V(&) dé = 0. (13)
0

In the above, 0, = (1T, — T)AT,— T)). T, is a constant reference
temperature deﬁned by the pressure gradient parallel to the

flow,
1 d
P ) (14)

|
T=Tog+ (14—
¢ ( pg dy

B

The appearance of the unknown 0, in equation (11) and the
unknown velocity V(&) in equation (13) makes the direct
numerical analysis of equations (11)-(13) very difficult.

The solution of equations (11) and (12) is simply

V(g = g5 e J " (0,(E)~ 0065 GEE) dE. (15)
0

The Green’s function G(&|¢’) appearingin equation (15) has the
following form

H(,E,)

Y2 "t>emd ($2-£2)4 ’
G(¢|E) = (n/2) HO..) H(O, &)e , &<l (l6a)
H(0,¢) . 2
= 2 vz 277 H 3 L (s )/4, r 16b
(n/2) H0.2) Je &< & (16b)
where
H(a,b) = e~ ®*~*/* [hy(a)hu(b) — ha(a)hy(b)] (17a)
hy(a) = e~ 4 [(n/2) ¥(a? + 1) e P erfc(a/2V)—a]  (17b)

hya) = 2/m)' 17 e (a4 1),

One may observe that equations(16) and (17) are also valid for

water near 4°C, regardless the linear assumption made earlier
in equation (6).

In order to obtain the constant 0,, one first integrates

equation (11), with the help of equations (12) and (13), to get

vg=4_4,) dvg=0_ /S
R T (L 0:(n)dn +9r)'
(18)

Substituting equations (15)—(17) into the above equation and
keeping in mind that [5]
0H(0,¢ = 0} (’H(é CH(E = ¢, gm,gm Q)2
o o

are the Wronskians of the parabolic cylinder functions h, and
h,, one gets

a,b = dummy real. (17¢)

(19)

0 = [0 = 52(E) + (1= O VLT —52(Em] )
where
_ (1+0,)(1—e )
Occ = On + 27 erf(A) (21a)
2 1/2 s
ot = & (/(’)’ ~ {[hz(m— () €554

+ % [ha(E,n) €5 —hy(0)] erfC(im/2”2)} (21b)



Technical Notes

05+

-054

1233

-1 —t +

0 02 04

F1G. 1. Dimensionless velocity profiles with Pr = 0.08 and A = 0.2. For 8,, = 0,6, = 0.488;for 0, = 0.5, 6, =
(1+0.488)/2 = 0.744.

1 J' merf(A¢'/E )
CaH0.8r) Jo  erf(d)
x [e~Cn"V2 H(0,&) + H(E, €,)1dE. (210

It is easy to show that s;{00) =544, 0)=0 and
consequently 6, = 6,,, when £, — co. For the case where
&m ~» 0, one can solve equations (11)+(13) directly to yield

Vg < A O [(14227 e
W=y 2 2 ernd))

22
- A2y
(i ] @)

S4(4, &) =

14242 erf(An)
22 erf(1) ='? erf(d)

in which

8, =41 +6)— 41— 1= + 2%
P AT T e 27 2 erf ()

Pl I S
'3 erf(2) |

However, this latter limiting case corresponds only to a trivial
dimensional velocity.

4. RESULTS AND DISCUSSION

The obtained closed-form solution is numerically
straightforward. The relevant parameters are Pr, 1 and 6,,. To
illustrate, one takes Pr = 0.08 and A = 0.2. The small Prandt!
number chosen here may correspond to an early development
of strong buoyancy flow, as is indicated by equation (9).
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Figure 1 shows the dimensionless velocity profiles V() for
two cases, 8, = 0 and 0, = 0.5. Since the melt has higher
temperature close to the wall, x = 0, the flow is upward in the
warm region and downward in the cold region as expected.
The reversal of the flow direction occurs slightly before the
midpoint # = 0.5. In addition, the upward flow has slightly
greater maximum velocity than the downward flow. This
means that the shear stress at the wall is greater than that at the
interface. Since 8,,, = 0.5 corresponds to a smaller temperature
difference in the melt, its V() profile in Fig. 1 is about half the
size of that for 8,, = 0.

One may use the above results in stability analysis to
determine the onset of convection-controlled melting.

REFERENCES

1. G. S. Cole, Temperature measurement and fluid flow
distributions ahead of solid-liquid interface, Trans. Am.
Inst. mech. Engrs 239, 1287-1295 (1967).

2. E. M. Sparrow, S. V. Patankar and S. Ramadhyani,
Analysis of melting in the presence of natural convection in
the melt region, Trans. Am. Soc. mech. Engrs, Series C, J.
Heat Transfer 99, 520-526 (1977).

3. M. A. Hassab and M. M. Sorour, Onset of convection in a
melted ice layer between vertical plates, Int. J. Heat Mass
Transfer 28, 909-916 (1982).

4. H.S. Carslaw and J. C. Jaeger, Heat Conduction in Solids.
Oxford University Press, London (1959).

5. M. Abramowitz and 1. A. Stegun, Handbook of
Mathematical Functions. National Bureau of Standards
Appl. Math. Ser. No. 55 (1972).



