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FIG;. 4. Dimensionless stream function and velocity at r = 0.1. 

[3]. We take the latter Auid for illustration using the values 
y = ,I = 0.1,/J = 3,P= 13.4andRa = 8x 103.Resultsforthe 
sphere are discussed; those for the cylinder are almost 
identical in structure. 

The axisymmetric convective flow rises in the form of a jet 
along the axis 6 = ?I and # = 0 to form a forward stagnation 
point at the north pole 6 = 0. It returns downward on both 
sides of the axis bathing the interface and collides to give a 
backward stagnation point at 0 = II. As the liquid volume 
decreases and looses its sensible heat the density differences 
increase leading to increased convection. In the early part of 
the process this form of thermal spin-up initiates the formation 
ofthe cusp at the south pole. At the dimensionless time T = 0.4 
the liquid core temperature is below the initial temperature, 
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Thus as the process evolves the liquid temperature will 
approach the fusion temperature and the circulation will 
cease. 

Interface locations are displayed in Fig. 2 at intervals of Ar 
= 0.1. The volume ofliquid as a function of time is given in Fig. 
3; here the dashed curve gives the volume remaining when 
convection is ignored and such results were found to be in good 
agreement with the analytical studies of Stewartson and 
Waechter [l]. Figure 4 displays the streamlines and velocity 
au/k at r = 0.1. Detailed results on the tem~rature 
distribution and heat transfer coefficients (at the interface and 
sphere surface) have also been evaluated. 
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NOMENCLATURE 

g acceleration of gravity 
k thermal conductivity 
P pressure 
Pr Prandti number of the melt, v/u, 

Stefan number k,(T,- ?&‘pa,L.,,,, where Ste 
L, = latent heat 
f(T,+ 7,) T a”8 

r velocity of the melt in the y direction. 

Greek symboIs 
cf thermal diffusivity 
P coefticient of thermal expansion, assumed 

constant 

” kinematic viscosity of the melt 
P density at TVs, 

Subscripts 
m at the melting front, x = X{t) 
1 hquid phase 
2 solid phase 
21 solid phase divided by liquid phase. 

1. INTRODUCTION 

T~~r~~RTAN~Eof~atura~convectionin thestefan’sproblem 
received attention only in recent years. Both experiments [ 11 
and numerical analyses [Z] indicate that the buoyancy-driven 
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flow exists from the onset of the transient process. In addition, 
the heat transfer mechanism was mainly conduction- 
controlled for small time and convection-controlled when the 
critical Grashof number was reached [3]. In spite of these 
observations, there is not yet a complete analysis of the 
velocity profile during the early stages of melting. The 
objective of this note is to report a closed-form solution in a 
vertical semi-infinite region. 

2. FORMULATION OF THE PROBLEM 

The solid in the region 0 < x < co, -co < y < cz is 
initially at a uniform temperature 7;. where positive y is in the 
upward direction. The melting process starts from time t = 0 
as one maintains a constant temperature TO( > T,) on the 
surface x = 0. Because of the nonuniform temperature 
distribution, buoyancy-driven flow is developed in the melt 
region 0 < x < X(t). 

During the early stage of the process, the melting speed is 
conduction-controlled and the problem is one-dimensional. 
The temperature distribution follows the conventional 
Neumann’s solution and its dimensionless form is [4] 

erf(Ril) 
O,(q) = l-(1-0,)-- 

erf(/.) 
O<u<l (1) 

f&(q) = Rll 
erfc(J&i{‘) 

erfc (L/a:{*) 
l<q<cc (2) 

(l-8,) $; - g er;i(;;;$z) = n”zySbe (3) 

where 

T-T 
t)=- x(t) x 

To-7;’ 
j, - 

2(a,t)“2 ’ v=X(r). (4) 

One assumes here that the density change effect across the 
phase front is negligible. 

The momentum equation of the melt, with the Oberbeck- 
Boussinesq assumption, takes the following form 

o”V 1 dp ~1 Pa 
-= ----;g+y-$ O<x<X(t),t>O (5) 
at P dy 

where the temperature-dependent density 0, corresponds to 
the driving source of the flow. In general, except water near 
4”C, one has 

P,(T,) = Pll -Bu-Ax,+L,H. (6) 
The initial and the non-slip boundary conditions for u(x, t) 

are 

I 

t < 0, o<.x<oo 

u=O for 

1 

x = 0, t>o (74 
Y = X(Z), t > 0. V-4 

(74 

Inaddition, thegobalcontinuityconditionfor aclosedsystem, 
i.e. y = k co are bounded, requires that 

s 

X(11 
0(x’, t) d.+ = 0, t > 0. (8) 

II 

3. ANALYSIS 

Unlike the temperature, the velocity u(x, t) is a function of 
both time and the similarity variable. One defines a 
dimensionless velocity V(c) as 

“(x t) = /MT, - 7JX2(0 
v(5) = 2Ps(T, - T,)L?J%) (9) 

Y 

where 

(10) 

Accordingly, equations (S)-(7) reduce to 

d=V dV 
-+<--2v= -i’,Z(H,-O,). cl<<<<, (11) 
dt’ d5 

(124 
(12b) 

s in. 
V(<‘) dt’ = 0. (13) 

0 

In the above, 0, = (T,- iJ/(T, - 7;). K is a constant reference 
temperature defined by the pressure gradient parallel to the 
flow, 

7;=T,,,+$(1 +;g 
The appearance of the unknown 0, in equation (11) and the 
unknown velocity V(5) in equation (13) makes the direct 
numerical analysis of equations (1 1)-( 13) very difficult. 

The solution of equations (11) and (12) is simply 

The Green’s function G(l\<‘) appearing in equation( 15) has the 
following form 

H(a, b) = e-(b”-a”)i4 [h,(a)h,(b)- h,(n)h,(b)] (174 
h,(a) = fe-ozi” [(~/2)“~(a’+ l)e0”2erfc(u/2”2)--a] (17b) 

h,(a) = (2/n)‘!’ euzi4 ((z* + I), a, h = dummy real. (17~) 

Onemay observe that equations( 16)and(17) are also valid for 
water near 4”C, regardless the linear assumption made earlier 
in equation (6). 

In order to obtain the constant O,, one first integrates 
equation (1 l), with the help of equations (12) and (13), to get 

dV5 = 5,) dVC = 0) ’ r_l 

d5 -7=-< m (s ~,(rl’)W+Qr 
0 > 

(18) 

Substituting equations (15)-( 17) into the above equation and 
keeping in mind that [S] 

dH(0, t = 0) _ 
(15 -- 

_ !!!Lk?& = (*&.p (19) 

are the Wronskians of the parabolic cylinder functions h, and 
h,, one gets 

8, = LO,, -%(Ll)+(l -RllJ.~,(~, &dill -s3(i’m)l (20) 

where 

o = o +(1+0,)(1-e-“‘) 
rli m 

n”‘i, erf(i) 

(2/n)“Z 
___ %(L) = H(O, 5,) 

{ 
[h,(O) - h3(&J eCl:*] 

(214 

+ ” [hJ&) e52j4 - h4(0)] erfc (5J2”‘) 
4 

(21b) 
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FIG. 1. Dimensionless velocity profiles with Pr = 0.08 and 1 = 0.2. For 8, = 0,0, = 0.488 ; for 0, = 0.5,6, = 
(1 + 0.488)/2 = 0.744. 

1 

“(” ‘,) = c,H(O, 5,) 

x [e-‘c~-Y2)‘2 H(0, c) + H(e, &,J] dc. (21~) 

It is easy to show that sg( co) = ~~(1, co) = 0 and 
consequently 0, = B,, when &, -) co. For the case where 
5, -t 0, one can solve equations (11x13) directly to yield 

1-e l-0, 
lW=+P(lW-~ 

K 

1 +2A2 e-1* 
7+-tl 

ai/’ erf(l) > 

in which 

1+21*$ erf(ln) n e-12rz 
_~_______ 

21, erf (A) 7+* erf(l) 1 
6, = +(I +&&*(I -&) 

[ 

3 2e-“’ 
l - 2 + n’,21erf(i) 

+ 4(1-e-“‘) 

7r1/*13 erf(l) 1 

(22) 

(23) 

However, this latter limiting case corresponds only to a trivial 
dimensional velocity. 

4. RESULTS AND DISCUSSION 

The obtained closed-form solution is numerically 
straightforward. The relevant parameters are Pr, 1 and 8,. To 
illustrate, one takes Pr = 0.08 and 1 = 0.2. The small Prandtl 
number chosen here may correspond to an early development 
of strong buoyancy flow, as is indicated by equation (9). 

Figure 1 shows the dimensionless velocity profiles V(n) for 
two cases, 0, = 0 and f?,,, = 0.5. Since the melt has higher 
temperature close to the wall, x = 0, the flow is upward in the 
warm region and downward in the cold region as expected. 
The reversal of the Row direction occurs slightly before the 
midpoint rt = 0.5. In addition, the upward flow has slightly 
greater maximum velocity than the downward flow. This 
means that the shear stress at the wall is greater than that at the 
interface. Since 8, = 0.5 corresponds to a smaller temperature 
difference in the melt, its V(q) profile in Fig. 1 is about half the 
size of that for 0, = 0. 

One may use the above results in stability analysis to 
determine the onset of convection-controlled melting. 
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